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Abstract 

We present an evaluation of a two-photon exchange correction to the cross section for unpo- 
larized A isobar production in electron-proton collisions, using a relativistic, crossing symmetric 
and gauge invariant approach. The calculated box and crossed-box diagrams include nucleon and 
A intermediate states. We find a relation between the angular nonlinearity of the two-photon 
exchange contribution and the value of the 7AA coupling constant. 
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I. INTRODUCTION 



The internal structure of hadrons has been extensively studied using elastic and inelas- 
tic electron scattering. For a theoretical understanding of such processes one traditionally 
relies on the leading order (Born) contribution, an exchange of a single virtual photon be- 
tween the electron and the hadron. The generally suppressed higher-order terms, including 
two-photon exchange contributions, have also been considered (see e. g. Refs. 0,12). More 
recently, the particular importance of the two-photon exchange contributions has been em- 
phasized 0, 0, IE since these corrections are necessary to explain simultaneously two 
distinct types of electron-proton scattering experiments: the Rosenbluth separation and the 
polarization-transfer techniques. Therefore, our understanding of such fundamental quan- 
tities as the nucleon electromagnetic form factors cannot be complete without including 
two-photon exchange effects in the analyses of elastic electron-nucleon scattering. 

Inelastic reactions allow one to obtain additional crucial information on hadronic struc- 
ture. Of particular interest is the situation where the final hadronic state in an electron- 
proton collision lies in the A resonance region. This reaction has been recently studied both 
experimentally 0, H| and theoretically 0]^ From the theoretical point of view, it is impor- 
tant as one of the simplest processes involving the electromagnetic nucleon-to-A transition 
current (7./VA vertex) which parametrizes the one-photon exchange amplitude. By anal- 
ogy with the case of elastic scattering, it is obvious that although the one-photon exchange 
mechanism is generally dominant, two-photon exchange effects in A production can be quite 
important and thus have to be carefully examined. 

This paper describes a calculation of two-photon exchange corrections to the unpolarized 
cross section for A production in electron-proton collisions. We use a quantum field theo- 
retical approach, computing the box, crossed-box and an additional contact term diagrams 
(the latter is required for gauge invariance and is constructed by minimal substitution). As 
the intermediate hadronic states in the loop diagrams, we include a nucleon and a A. The 
two-photon exchange effects from the intermediate nucleon and A have opposite sings in 
most kinematical regimes, being pronounced even at low energies. An important theoret- 
ical ingredient of the calculation is the 7AA vertex. Various forms of this vertex feature 



prominently in the studies of electromagnetic interactions of the deuteron |10L and three- 
nucleon bound states as well as in the recent extraction of the A magnetic dipole 
moment. In the present calculation we will show that the angular nonlinearity of the two- 
photon exchange correction is rather sensitive to the value and sign of the (dominant) 7AA 
magnetic coupling constant. Being formulated in terms of hadronic degrees of freedom, our 
model is somewhat complementary to the approach of Ref. 0] where two-photon exchange 
effects were calculated using the formalism of generalised parton distributions. 



II. CROSS SECTION 

The differential cross section for the unpolarized A production process in the electron- 
proton collisions can be written as 

a = ctb(1 + 5 2l ) , (1) 

where Ob is the one-photon exchange (Born) cross section and <52 7 is a two-photon exchange 
correction. We do not recapitulate in this paper the calculation of the standard radia- 
tive corrections such as the vacuum polarization, electron self-energy and vertex loops, as 
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well as the soft-photon bremsstrahlung emission. The derivation of these contributions is 
well-known jij and they are taken into account in data analyses 0, H[. In particular, the 
soft-photon emission is necessary to obtain an infrared convergent amplitude; this contribu- 
tion is included in our calculation as will be explained in Section |V| As two independent 
kinematical variables we choose Q 2 = — q 2 > 0, the square of the momentum transferred 
in the collision, and e, the longitudinal polarization of the virtual photon exchanged in the 
Born approximation. In the laboratory frame, e is related to the electron scattering angle 
9 through e~ l = 1 + 2(tan 2 9/2)(v 2 + Q 2 )/Q 2 , where v = (Ml - M 2 + Q 2 )/(2M), with M 
and Ma the nucleon and A masses, respectively. 

To leading order in the electromagnetic coupling constant, the two-photon exchange cor- 
rection is evaluated from 

Re (m\mJ\ 

**> = 2 \ih ' (2) 

\Mb\ 

where M.b and .M27 denote the Born and the two-photon exchange scattering amplitudes, 
respectively. The loop diagrams for the two-photon exchange amplitude, as calculated in Sec- 
tion El are shown in Fig. These include the contributions of nucleon and A intermediate 
states, plus an additional contact term necessary to ensure gauge invariance of the full 
amplitude (see Section HVj). 



III. HADRONIC VERTEX FUNCTIONS AND PROPAGATORS 

The loop diagrams in Fig. ^consist of the propagators of the intermediate particles, three- 
point hadronic vertices and a four-point contact term. The construction of the contact term 
is explained in Section HV| the three-point vertices and two-point propagators are described 
in this section. 

The syNN vertex is chosen in the standard form, depending only on the photon four- 
momentum q: 

r,(q)=l,F 1 (q 2 ) +i ^F 2 (q 2 ), (3) 

where Fi^(q 2 ) denote the Dirac and Pauli form factors, respectively. 1 
The jNA vertex is taken as [y] 

V a »(p, q) = Fl ^ 2) { 91 [ ~ ^ V " 7 " 7> ' q + ^ ] + 92 [ q V " 9 °" P ' q ] } 75 ' 

(4) 

where q^ and p a are the four-momenta of an incoming photon and an outgoing A, respec- 
tively, and the coupling constants g\ and g% — gi correspond to the magnetic and electric 
components of the vertex, (for simplicity, the strongly suppressed Coulomb component is 
not included in this calculation). As in the jNN vertex, the jNA form factor -F 7 ata(q' 2 ) is 
taken as a function of the photon four-momentum squared only. 
We choose the 7AA vertex in the following form: 

Kp(p',p; q) = F,AA(q 2 )j^P /2 P 2 vli 2 (p') Of V - ^V) v% 2 { P ) , (5) 



1 We use the conventions and notation of Ref. . 
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where g& is the coupling constant, and p' a , pp and q^ are the four-momentum components of 
the outgoing A, incoming A and incoming photon, respectively, and the spin 3/2 projection 
operator equals 

>3/2^ _ „ 7a Id _ jleiPp + P alp?* 

3 3p 2 

Note that the most general form of the 7AA vertex contains several independent structures. 
However, the coupling constants in the general vertex are hard to extract from data and 
hence are subject to some uncertainty at present [ljj EH- Therefore, to keep the compu- 
tations tractable, we have chosen in Eq. (jSJ a form of the 7AA vertex containing only a 



p a p VP) - 9ap — o ^ • w 



magnetic dipole component, which is expected to be dominant |1(J, 111! ]. Other structures 
are omitted; in particular, a component proportional solely to the electric charge of the A 
is not included in Eq. (J5J). 

Even though the jNA and 7AA vertices used in this calculation are not of the most 
general form, it is important that they posses the following transversality properties: the 
scalar products of both vertices Eq. and Eq. (JEJ) with the four-momenta of the pho- 
ton or either A vanish. The photon transversality is necessary for electromagnetic gauge 
invariance 0] of the calculation. The orthogonality to the A four-momentum ensures prop- 
agation of only the physical component of the A, thus allowing us to use only the spin 3/2 

part S^pip) = {]/> — MA)~ lr Pa/3 \v) of the Rarita-Schwinger propagator (see Ref. [l6[ for a 
discussion of this property). For the nucleon we take the standard free fermion propagator 
S{p) = { ] f>-M)- 1 . 

The nonlocality of the hadron-photon interactions in Eqs. (0 EJ) and (0) is described by 
the form factors iq >2 , -F 7 tva and -F 7 aa- The form factors are necessary to ensure ultraviolet 
convergence of the loop integrals calculated in Section The results presented below were 
obtained using the standard dipole form for all these form factors: 

n?) - (7) 

where A is the cutoff mass. More details on the choice of the form factor will be given 
in Section EH 



IV. GAUGE INVARIANCE AND THE 77NA CONTACT TERM 

The requirement of electromagnetic gauge invariance can be formulated for the two- 
photon exchange graphs in Fig. ^ in the following manner. First we "strip off' the electron 
line together with the attached photon propagators and thus consider only the remaining 
hadron part. For the purposes of this section, the four-momentum of the incoming proton 
will be denoted as p, that of the outgoing A as p' a , and those of the initial and final photons 
as q v and q' , respectively (both photons incoming), so that the four-momentum conservation 
in this notation reads p' = p + q + q'. We denote the thus obtained hadronic amplitude as 
■M ai iu(q',q',p',p)- Gauge invariance then leads to the orthogonality conditions (see, e. g., [Tif ) 

q ,fl M a ^(q', q; p' , p) = q u M a ^{q\ q; p, p) = . (8) 

First we note that Eqs. (JSJ) are not satisfied by the sum M%£ v (q' , q',p',p) + 
M X a°* {q',q; p', p) , where 

M b a °*(q',q;p',p) = V atl {q',p')S(j> + q)T v {q), (9) 
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M x a b ° x (q',q;p',p) = V a „(q,p')S(p + q')T tl (q') 



(10) 

are the box and crossed-box hadronic amplitudes with a nucleon intermediate state. This 
can be verified by using the hadron-photon vertices Eqs. (jSHHI), the free nucleon propagator 
S(p) and the Dirac equation for the incoming nucleon and outgoing A. To obtain a gauge 
invariant amplitude, an additional 77iVA contact term A4£* ((j 1 ', q; p', p) (depicted by the 
triangle in Fig. |TJ) has to be added to the box and crossed-box diagrams. 

Such a term can be constructed by the standard procedure of minimal substitution (the 
technical details can be found for example in Ref. 17]). An inherent property of the minimal 
substitution is that it yields unambiguously only the contact term longitudinal to the pho- 
tons' four-momenta (which is sufficient for current conservation). Following the procedure 
of Ref. [17j we obtain the contact term 



M c ^ u (q',q;p',p) 



ipv + q v 



(p + q) 2 — p 2 



' ' 2 ' >l!+q " -Mq' 2 )V au (p',q). (11) 



Fx(q 2 )V alx (p',q')- 



(p + q') 2 — p 2 



It can be verified now that the sum of the nucleon box, crossed-box and contact term 
amplitudes 



Martf, T, P', P) = M b :*(q', Q\ P', p) + Mf° x (q', q; p', p) + M c '(q\ q\ P, P) 



;i2) 



obeys Eq. (JBJ), i. e. the upper row of Fig. [T] is gauge invariant. 

Finally, using the vertices and propagators given in Section IIH| it is easy to see that 
the sum of the box and crossed-box amplitudes with an intermediate A (the lower part 
of Fig. IH) is gauge invariant by itself. Therefore the sum of the loop diagrams depicted 
in Fig. [T] constitute a gauge invariant two-photon exchange amplitude. 



V. LOOP INTEGRALS 



The loop integrals corresponding to the box and crossed-box diagrams with an interme- 
diate nucleon in Fig. ^ can be written as 



- A 



d 4 k N b N ox (k) 



d 4 k N» box (k) 



with the numerators and denominators given by 



(13) 



KM = 2 U MV a(i (PA,q-k)W 2 +y + M]r v (k)U(p 2 ) 

X u(P3h» if*! - H\lvU{pi) , 

Nl ox {k) = \uMV a ^p^q-k)[p[ 2 + li + M]r»(k)U(p 2 ) 

X u(P3)lv [h + H] ltxU{pi) , 



(14) 
(15) 



DSJJs) = k 2 (k - qf \( Pl - kf - m 2 } [(pa + kf - M 2 
Dg ox (k) = DZ x {k) 



PI— fe-+P3+fe 



(16) 
(17) 



5 



Here U a is the A vector-spinor, and U and u are the proton and electron spinor wave 
functions, respectively (the electron mass m has been neglected in the numerators). 
The loops with an intermediate A can be written 



MV 



—e 



d 4 k NtM 
(2w)* Dt ox (k) 



— e 



(2n)* D* ox (k) 



(18) 



where 



NL(k) = \u a (p A )T^(p A ,p 2 + k,q-k)ip' 2 + k' + M A ] V% 2 (p 2 + k)V^(p 2 + k, k)U(p 2 ) 



It 
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NLM = ^U a (p 4 )T^(p 4 ,p 2 + k,q-k)[p< 2 + k> + M A ] V% 2 (p 2 + k)V^(p 2 + k, k)U(p 2 ) 



(19) 

P2) 
(20) 



Dt(k) = k\k - qf [( Pl - kf - m 2 } [(p,, + kf - M\ 
D x b ox (k) = (k) . 

Pl-fe— >P3+fe 

The loop with the 77iVA contact term reads 

d 4 k N ct (k) 



where 



M 11 



ct 



(27T) 4 D ct (fc) 



(21) 
(22) 



(23) 



N ct (k) = -U a (p A )MT(q ~ k,k; Pi ,p 2 )U(p 2 ) 



x ^(Psb^ 



H] luU{pi 



(24) 



D ct {k) = k 2 {k - qf (p! - k) 2 - m 



(25) 



The full amplitude, comprising the sum of the above loop integrals, is both infrared and 
ultraviolet convergent. The ultraviolet convergence is provided through the presence of reg- 
ularising form factors in the integrands of Eqs. (|13I18|) and (J23|) . The infrared divergence 
from the box and crossed-box diagrams with an intermediate nucleon is obtained by putting 
k — > in Eqs. (|T4*j) and ()15|) (these integrals converge at k — > q). This divergence is can- 
celled in the standard way against the corresponding divergence of the soft-photon emission 
contributions 0, 0| . In our approach, the latter enter as part of the loop diagram with the 
contact term, obtained from the divergences of Eq. ()23|) at k — > (to cancel the divergence 
of the box integral) and k — > q (to cancel the divergence of the crossed-box integral). We 
incorporate the soft-photon divergence into the contact term merely for convenience, so that 
in addition to restoring gauge invariance, the contact term also ensures the infrared conver- 
gence. As an additional check, we confirmed numerically that the full amplitude is indeed 
convergent. 

We calculated the loop integrals Eqs. ()13I18I23J) using techniques similar to those de- 
scribed in 0,E|. The result of the integration is obtained analytically as a sum of several 
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Passarino-Veltman dilogarithms [l8j, each multiplied by a rational function of kinematic 
invariants. Although simple in structure, the explicit expressions are quite lengthy and 
therefore would not be useful within the limits of this paper. We checked that the calcu- 
lation obeys the constraint of crossing symmetry, i. e. the amplitude is invariant under an 
interchange of the Mandelstam variables, as explained in jfj. The conditions of crossing 
symmetry and gauge invariance are important because they put strong model independent 
constraints on the behaviour of the amplitudes. 





FIG. 1: Two-photon exchange graphs for the ep — > eA reaction. The thin and thick straight 
lines denote electrons and protons, respectively; the double lines are As, the wavy lines photons. 
In the box and crossed-box diagrams, the black squares, black circles and white circles denote, 
respectively, the 7AA, jNN and jNA vertices used in the calculation. The loop diagram with 
the 77./VA contact term (denoted by the black triangle) ensures gauge invariance of the calculation. 



VI. RESULTS 

We did several calculations of the two-photon exchange correction using various functional 
forms of the regularizing form factor in the hadronic vertices, including dipole and monopole 
functions with several values of the cutoff. We found that the essential features of the results 
are largely independent of the details of the form factor. This is because the form factor is 
partially cancelled when <5 27 is expressed as the ratio Eq. (J2J). 

As a representative example, we show in Fig. |2]the two-photon exchange correction which 
was obtained using the dipole form factor Eq. (JJJ) with the cutoff A = 0.84 GeV. This choice 
is known to be compatible with the nucleon mean-square radius. Changing the form factor 
(for example, using a monopole cutoff of a similar size) has no significant effect on 82^ over 
most of the kinematic range in e, with only a mild influence for e ~ 1. 

As mentioned above, the 7AA vertex is an important ingredient of this calculation. 
Recent experimental analyses |8j of Rosenbluth separations focused on the possibility to 
identify two-photon exchange effects through a nonlinearity of the cross section as a function 
of e. The nonlinear behaviour of the two-photon exchange corrections was also addressed in 
theoretical studies. Thus, general properties of two-photon exchange corrections in elastic 
electron-proton scattering were derived in Ref. 0|. Nonlinearities induced by two-photon 
exchanges were searched for in the data for electron-deuteron [2^ and electron-proton |2l| 
scattering. 
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In the present calculation of A production in inelastic electron-proton collisions we find 
a pronounced dependence of the two-photon correction on the value of the magnetic 7AA 
coupling constant g&. As shown in Fig. El the sign of #a is related to the qualitatively distinct 
nonlinearities of 62^ in e. An essentially linear behaviour of the two-photon correction is 
consistent with g& = 0, corresponding to the presence of only a nucleon intermediate state 



and no intermediate A. The current analysis 



of experimental Rosenbluth separations in 



electron-proton collisions indicated only a very small nonlinearity, although additional data 
should allow one to reach a more definite conclusion about the nonlinearities. 
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FIG. 2: Two-photon exchange correction to the unpolarized cross section for A production in 
electron-proton collisions, calculated for Q 2 = 1 GeV 2 (solid lines) and Q 2 = 3 GeV 2 (dashed 
lines). The upper, middle and lower pairs of lines are labeled by the values of the 7AA coupling 
constant <?a ("N" corresponding to <?a = 0, i. e. to the absence of an intermediate A state). 



VII. CONCLUDING REMARKS 

An accurate description of electron-proton scattering in the resonance region is essential 
for the understanding of the structure and interactions of hadrons. Using Born approxi- 
mation to analyze A production in electron-proton scattering, one can obtain important 
information of the 7AA transition current. However, such an analysis should also include 
two-photon exchange higher-order corrections. The two-photon exchange corrections cal- 
culated in this paper are generally much smaller than the Born contribution, as should 
be expected from perturbation theory. Nevertheless, our results show that the two-photon 
exchange corrections can be quite important for a precise analysis of the electron-proton 
scattering in the resonance region. 

For further progress in the evaluation of higher-order effects in electron-nucleon colli- 
sions, a more detailed knowledge of the 7AA vertex is needed. We have shown that the 
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nonlinearity of the e dependence of the two-photon correction can be related to the sign 
of the magnetic 7AA coupling constant. In particular, a linear dependence would suggest 
that the contribution of an intermediate A state to the two-photon exchange correction is 
negligible in comparison with that of the nucleon intermediate state. The question whether 
the link between the magnetic 7AA coupling and the e nonlinearity might be affected by 
using more general forms of the 7AA and 7AA vertices falls outside the scope of this paper, 
but should be addressed in more detailed studies in the future. Another interesting problem 
to be addressed in the future is the role of higher mass resonances in the intermediate states, 
in addition to the essential contribution of the nucleon and A considered in this paper. 

Finally, we point out that the present calculation is one of the few existing theoretical 
studies of the two-photon exchange effects in the A production reaction; therefore, additional 
investigations would certainly be useful and interesting. 
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